All-optical soliton logic operations, facilitated by incoherent interactions of multiple spatial solitons with nonlinear interfaces, are proposed and analyzed. A particlelike model, validated by beam propagation simulations, was developed for calculating the soliton trajectories and was employed for the analysis of the soliton-based logic gates.
INTRODUCTION
During the past few decades much attention and effort has been focused on the possibility of all-optical processing and computing by using optical soliton-based switches and logic gates. Because of its particlelike characteristics, a soliton (either spatial or temporal) is a natural candidate for the implementation of an optical bit. Most soliton-based logic gates and switches employ direct interactions between solitons, which alter the phase profiles of the interacting soliton through cross-phase modulation. 1 This phase shift corresponds to a modification of the frequency for a temporal soliton or to a modification of the propagation direction for a spatial soliton.
Various methods that exploit the modification of the solitons' trajectories by this interaction for switching and all-optical logic were proposed and demonstrated. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] Soliton-dragging gates, [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] for example, are based on the interaction of orthogonally polarized solitons propagating in a birefringent medium. Soliton trapping phenomena were used to demonstrate all-optical switching and logic operations. 24, 25 Other concepts, based on interactions in saturable nonlinear media 14, 26 wave mixing, 15, 16 and Manakov soliton interactions 10, [27] [28] [29] were suggested as well. The concept underlying many of these methods is that a binary logical value can be associated with one of the soliton properties (such as position, timing, or frequency). An interaction with an additional soliton may alter these properties and change the binary value of the soliton bit.
A practical soliton switch or logic gate should be independent of the solitons' phases and polarization state and should allow cascading of several gate stages. In addition, it would be favorable if the participating bits (solitons) could be reused for further calculations; i.e., the logical operation should not modify the properties of the input solitons or annihilate them, which is one of the necessary conditions for a reversible logic.
The ability to cascade soliton gates and switches dictates a similarity between output and input bits (i.e., solitons with similar amplitude, width, frequency, etc.). Some of the previously suggested concepts such as trapping and dragging soliton gates required that the participating solitons be nonidentical to achieve the switching effect. In concepts based on four-wave mixing or second-harmonic generation the input soliton bits were destroyed in the course of generating the output soliton bit.
Although optical solitons do interact in Kerr media, utilizing this interaction to change the solitons' characteristics in a controlled manner is not simple. This interaction is elastic in the sense that far from the interaction region there is only a small shift in the solitons' position or phase (for spatial or temporal solitons). On the other hand, in the interaction region, the solitons' behavior is extremely dependent on their initial phase difference and polarization state. [30] [31] [32] As a result, logic gates based on bulk soliton interactions require careful design and are generally sensitive to the solitons' initial state. A favorable way to eliminate both polarization and phase dependence of the interactions between solitons is to use incoherent interactions between the solitons. Incoherent interactions occur, for example, if the variation of the phase difference is much faster than the response of the medium to electrical field (see Refs. 32 and 33 and references therein). Another possible realization of incoherent interaction is the employment of mutually incoherent solitons. Although incoherent soliton interactions are phase and polarization independent (in a nonbirefringent medium), much like coherent interaction they are elastic in a homogeneous Kerr medium (the Manakov system 34 ) and are therefore difficult to exploit for logic operations and switching.
In this paper we study the incoherent interactions of solitons in an inhomogeneous Kerr medium comprising layers of media with different refractive indices. The study was based both on equations of motion describing the soliton particlelike trajectories in the inhomogeneous medium as well as by solving the nonlinear wave equation numerically. All-optical soliton switching and logic operations were demonstrated and exhibited efficient switching and low dissipation (to dispersive waves). All results were also validated by use of the beam propagation calculations.
In Section 2 we describe the framework of solitonsoliton and soliton-interface interactions by using a particle model. In Section 3 we construct solitonic logic elements by using the design rules derived in Section 2. In Section 4 we study the effect of loss on the performances and cascadability of the structures, and in Section 5 we conclude.
FIELD EQUATION AND A PARTICLELIKE MODEL
We analyze the propagation of several one-dimensional spatial solitons, which are interacting incoherently, in a Kerr medium that includes nonlinear interfaces (see Fig.  1 ). A nonlinear interface is formed in the boundary between two different Kerr media, each having, in general, different linear and nonlinear refractive indices.
In the framework of the paraxial approximation, the evolution of the electrical field envelope can be described by the nonlinear Schrödinger (NLS) equation:
where E͑z , x͒ is the electrical field, k 0 is the wave number in vacuum, x is the transverse coordinate, n 0 ͑x͒ and n 2 ͑x͒ are the linear and nonlinear refractive indices, and ␤ is the z propagation coefficient. The indices n 0 ͑x͒ and n 2 ͑x͒ depend on the layer structure; it is assumed that in each layer the indices are constant and are given by n 0j and n 2j , where j is the layer index (see Fig. 1 
where L j represents the jth layer in the structure (see Fig.  1 ), ⌬ j = n 01 2 − n 0j 2 , and ␣ j = n 0j n 2j / ͑n 01 n 21 ͒. Equation (2) describes the propagation of the electrical field in a multilayered nonlinear medium. The left-hand side of Eq. (2) is the conventional NLS equation, while W is an additional nonlinear potential generated by the layered structure. For W = 0, i.e., when the nonlinear medium is homogeneous, Eq. (2) has an exact soliton solution:
where A 0 and x are the soliton amplitude and the average position, v = ‫ץ‬x / ‫ץ‬z is the soliton velocity, and is the phase of the soliton satisfying ‫ץ‬ / ‫ץ‬z = A 0 2 − v 2 /4. For arbitrary initial conditions, A͑x , z =0͒, Eq. (2) can be solved only numerically. However, if the initial conditions consist of well-separated solitons, the equation can be analyzed in the framework of soliton perturbation theory. In the perturbative approach adopted here, the solitons are treated as independent particles interacting with the interfaces and with each other. Combining the interaction (soliton-soliton and soliton-interface) establishes a complete particlelike model of the system.
Assuming the electrical field is a combination of n mutually incoherent spatial solitons, a set of coupled NLS equations can be written to describe the evolution of the field in the multilayered nonlinear medium:
where m is the soliton index and W is defined in Eq. (2) . If the solitons are well separated and ⌬ j , ͑␣ j −1͒ are small, we can apply soliton perturbation theory to Eq. (4). In the framework of this theory, the solitons maintain the field profile (3), but the soliton parameters evolve during the propagation. The right-hand side of Eq. (4) can be treated as a perturbation source to the nonlinear Schrödinger equation [the left-hand side of Eq. (4)]. The perturbative approach yields four evolution equations for the soliton parameters A 0 , v, x, and . 35, 36 While the equation for A 0 gives A 0 = constant, the equations for x and v can be combined to yield an equation of motion for the soliton position:
where x m , A m , and p m = ͐ −ϱ ϱ ͉A m ͉ 2 dx are, respevctively, the position, field profile, and power of the mth soliton. R m is the perturbation for the mth soliton, which is given by the right-hand term of Eq. (4).
The force acting on each soliton particle is the result of two types of interaction, incoherent interactions with other solitons and interactions with the interfaces. The interaction between a soliton and an interface was analyzed by Aceves et al., 37, 38 who developed a one- dimensional particlelike model, resulting in an equation of motion for the average location of the soliton. The interface served as an induced effective potential barrier, which the particle (the soliton) may pass or be reflected from, according to its kinetic energy. The height of the potential barrier is directly proportional to the intensity of the soliton, and the kinetic energy depends on the socalled soliton velocity, which is a function of the incident angle.
Aceves model was employed to derive the force acting on a soliton propagating in a multilayered Kerr medium (see Fig. 1 ) simply by substituting the perturbation term W defined in Eq. (2) into Eq. (5) 
where A 0 is the solitons' amplitude and ⌬x is the separation between them. Using Eqs. (4), (5), and (6), we can derive a set of equations of motion for the soliton particles:
where f mk is the force acting on soliton m, caused by the presence of soliton k, according to Eq. (6).
CONSTRUCTION OF SOLITON-BASED LOGIC GATES AND SWITCHES
The incoherent interactions between solitons within a homogeneous medium do not mediate any information transfer between the solitons (except for a small phase shift); i.e., the interactions are elastic. [39] [40] [41] If, however, the interaction takes place in the vicinity of a nonlinear interface, it may significantly change the trajectories of the solitons. 12 For example, the behavior of a soliton impinging at an oblique angle on an interface can be toggled from reflection to transmission by turning an additional soliton on and off. Figure 2 depicts an all-optical soliton switch that is based on a soliton interaction near an interface. The switch employs two solitons, a signal soliton and a control soliton. When the control soliton is turned off [ Fig. 2(a) ], the signal soliton is reflected from the interface. However, when the control soliton is turned on [ Fig. 2(b) ], the interface becomes transparent for the signal soliton, which traverses the interface and maintains its propagation in the other medium while maintaining its shape and identity. This effect is the result of lowering the effective potential barrier encountered by the signal soliton assisted by the control soliton, 12 which makes its transmission possible. It is important to observe that the particlelike analysis gave similar results to the propagation calculations (Fig. 2 ), although the model probably fails locally within the close interaction region. The amplitudes of the solitons after switching [ Fig. 2(b) ] were found to be identical (within the limits of the numerical calculation) to their amplitudes at z = 0, indicating negligible radiation losses. Note that the propagation coordinate ͑z͒ and the transverse coordinate ͑x͒ are not normalized in the same manner. As a result, some of the interactions shown in Fig. 2 and in Figs. 3-12 below might appear, incorrectly, to occur in the nonparaxial limit. The real incidence angles of the solitons in these figures are in the range 3°-7°, which is well within the paraxial approximation regime. Figure 3 depicts the solitons' trajectories (with same amplitudes and velocities as in Fig. 2 ) when the interaction takes place far from the interface, showing that for bulk interactions the trajectories are hardly affected by the presence of the other soliton.
These two types of soliton interaction (interface assisted and bulk) are the building blocks of an all-optical processing device. Soliton bits can affect each other if they interact near the interface or avoid each other if the interaction takes place in a homogeneous medium. The following logic elements' operation is based on controlled modifications of the soliton trajectories. All the results were obtained by employing the particlelike model, and all were verified by the beam propagation method. 
A. Soliton AND-OR Gates
The scheme is illustrated in Fig. 4 . Two solitons, which serve as the input bits (soliton "1," no soliton "0") of the gate, are incident at an oblique angle on both sides of a nonlinear interface. The output of the device (marked by AND-OR operation at the bottom of Fig. 4) is considered "1" if one of the solitons reaches the output port and "0" otherwise. The solitons' interactions at the interface would form an AND-OR operation if the equivalent potential [according to Eq. (7)] of one of the interface sides were higher than the potential of the other side. Such an equivalent potential can be engineered, for example, if the linear refractive index of the medium on the left-hand side is higher than that of the medium on the right-hand side of the interface while their nonlinear refractive indices are equal. The difference must be small enough to ensure that the solitons on both sides of the interface are similar enough to keep radiation losses as small as possible. The potential barrier induced by the interface in this case is given by Eq. (8) 37 :
The suggested gate operates as follows: The incident angle of the soliton on the left-hand side of the interface (soliton A in Fig. 4 ) is below the critical angle; i.e., if only this soliton impinges on the interface, it will be reflected. Soliton B is experiencing the higher side of the potential barrier induced by the interface (the right-hand side), and therefore will always pass to the lower-level side of the potential (the left-hand side) regardless of its incidence angle. If, however, both solitons coexist, soliton A would also cross the barrier to the right-hand side, while soliton B would pass to the left. Figure 5 (a) depicts Beam Propagation Method (BPM) simulations and, Fig. 5(b) shows the results of the particlelike model for three input pairs as described in the previous paragraph (when both input bits are "0," the output is obviously "0"). The parameters of the structure are defined in the figure caption. It can be seen that the outcome in which a soliton propagates on the right-hand side of the interface following the interaction occurs only when both solitons are present. The existence or non-existence of a soliton on the right-hand side of the interface is a result of an AND operation between the input solitons. In a similar fashion, a soliton will always propagate after the interaction on the left-hand side of the interface unless both bits are "0," thus corresponding to an OR logical operation. The same structure serves as an AND and an OR gate simultaneously. As for the soliton switch, no apparent radiation losses were generated by the interaction.
The results of the particlelike design calculations (row B in Fig. 5 ) exhibited a good agreement with the verification results of the BPM simulations. Thus the particlelike model provides a fast and simple tool for designing interface-based soliton switches and logic gates.
B. All-Optical NOT Gate
An inverter (NOT gate) is an essential building block for a complete set of logic functionality. In order to realize a NOT operation, a gate soliton is required to probe the input soliton. Although this operation is apparently performed by the soliton switch presented in the beginning of this section, the outcome is not adequate. Without the signal the control soliton is reflected from the interface, generating a "1." When the signal soliton is inserted, the latter passes the interface, but the control is still reflected, again generating a "1" (see Fig. 2) .
A simple realization of a solitonic inverter consists in a similar layer structure described for the AND-OR gate, however, with different linear and nonlinear refractive indices to make a trapped surface soliton possible. 37 Figure  6 depicts the induced potential of an interface as defined by n 01 = 1.5, n 21 = 0.0455, n 02 = 1.45, n 22 = 0.06. Here there is a local minimum in the induced potential, permitting the existence of an interface-trapped soliton. The structure is realizing a NOT operation in the following way: The trapped soliton serves as the gate soliton. If a signal soliton hits the interface at an oblique angle, it pulls the gate soliton out of the potential well. Thus, the existence of the gate soliton at the interface is monitored as the output of the inverter. Figure 7 depicts a BPM simulation of the device when the signal soliton exists ("1" input). The signalsoliton pulls the gate soliton out of the interface trap, and both solitons continue to propagate away from the interface, yielding a "0" output. Without the signal soliton, the gate soliton would continue propagating along the inter- face, yielding a "1" output. It should be emphasized that despite the relatively large index contrast the calculated radiation losses induced by the interactions were 2 ϫ 10 −3 dB. An enhanced configuration is to use a double-interface structure constructed by a thin layer of higher linear index surrounded by medium with lower linear index, both with a similar nonlinear refractive index (Fig. 8) . Unlike the single-interface scheme, where the existence and position of the potential minimum are highly sensitive to the indices, the double interface ensures the existence of the potential minimum and fixes its position. The interaction of a single soliton with the double-interface structure was studied by Kivshar and Quiroga-Teixeiro, 42 who found that there is a single minimum of the induced potential if the following conditions are satisfied:
where n jin and n jout are the linear ͑j =0͒ and nonlinear ͑j =2͒ refractive indices of the thin layer and the bulk, respectively. Figure 9 shows both a BPM simulation and the results of a particlelike model for the double-interface NOT gate. The simulation parameters are defined in the figure caption. The results of the particlelike model qualitatively agree with the BPM results; the differences probably originate in the inability of the force, Eq. (5), to describe the interaction between the solitons accurately at small separation distances (see, for example, Ref. 43) .
For a given set of media, the NOT gate structure can be optimized by changing the input soliton velocity (incident angle) and the layer width. To make the device as short as possible, maximizing the transverse velocity of the gate soliton is beneficial. If the layer is very thin, its induced potential is negligible, and the interaction between the solitons is similar to the bulk interaction (zero gate soliton velocity). If, however, the layer is very thick, the interaction between the solitons would practically take place in a homogeneous medium (the layer), and the gate soliton would remain trapped inside the potential well. An upper limit on the layer width can be estimated according to the position shift that is introduced by a soliton interaction in the homogeneous medium of the layer (similar to the phase shift in temporal soliton interactions). If half of the layer width is larger than this shift, the gate soliton would remain trapped in the layer. The Therefore there is an optimal layer width for which the gate soliton velocity, following the interaction, is maximal. Similarly, there is an optimal value for the input soliton velocity. A slow (shallow incident angle) soliton has low kinetic energy and would not be able to extract the gate soliton from within the potential well. The depth of the potential well is given by its value at the middle of the layer 42 :
where L is the layer thickness, ⌬ j = n 02 2 − n 01 2 , and ␣ = ͑n 01 n 21 ͒ / ͑n 02 n 22 ͒ (see Fig. 8 ). This sets a lower limit on the velocity of the gate soliton v [as defined in Eq. (3)], v 2 /2Ͼ ͉U min ͉. A fast input soliton would have a small interaction length with the gate soliton and would have a rather small effect on the gate soliton. Figure 10 depicts the dependence of the gate soliton velocity on the input soliton velocity for various layer widths. Zero velocity indicates that the gate soliton remained trapped inside the layer after the interaction, although the soliton position may oscillate around the layer center. As expected, by increasing the input soliton velocity above a certain level (ϳ0.13 for the specific structure), we decrease the gate soliton velocity because of the smaller interaction length. On the other hand, when the signal soliton is slow, the gate soliton indeed remains trapped inside the potential well except for in very thin layers ͑d ഛ 1͒ in which the induced potential well is shallow. For the examined structure, the optimal set of parameters is v͑input͒ = 0.1 and d = 1, which yields a gate soliton velocity of ϳ6.5ϫ 10 −3 . Figure 10 also indicates that the proposed structure can operate successfully in a wide range of incidence angles and inner layer thicknesses. At telecom wavelengths ͑ ϳ 1.55 m͒ the optimal layer thickness (for n 01 = 1.45) is 0.5 m, and the incidence angles (relative to the interface plane), for which the gate operates, range between 1.6°and 3.2°. This is a reasonable operating range to achieve and does not require ultrafine tuning of the beam's incident angle.
C. All-Optical NOR Gate
One of the main advantages of the NOT gate structure described in Subsection 3.B is that it can be easily expanded to a multiple-port NOR gate. Figure 11 depicts a schematic of the suggested NOR gate. A NOR gate output is "0" if one (or more) of its input signals is "1." The suggested structure (Fig. 11) implements the NOR functionality in the following manner: If one of the input solitons exists (i.e., "1"), the gate soliton would be pulled out of the potential well and the gate output would be "0." Because of the stepped structure of the soliton inputs, the existence of other input solitons would not affect the result, since they would interact with the gate soliton in the bulk and would not change its velocity. For the soliton NOR gate to function properly there is a limit on the minimal lateral distance between the input solitons' positions, which depends on the input solitons' incident angle, amplitude, etc. Figure 12 depicts a BPM simulation of a triple-input NOR gate, where two input signals (A, C) are "1" and the third (B) is "0." It can be easily seen that the rightmost soliton extracts the gate soliton from the middle layer while the other soliton interacts with the gate soliton in a (practically) homogeneous medium and therefore does not change its velocity.
EFFECT OF LOSS MECHANISMS
The switches and logic gates presented here are based on the nonlinear interaction between solitons and between a soliton and an interface. The outcome of these interactions is, therefore, sensitive to the amplitudes of the solitons. While the radiation losses due to the interaction of the solitons with the interfaces are negligible, scattering losses and material absorption generate continuous attenuation of the solitons' amplitude. The reduced amplitude alters the dynamics of both the soliton-soliton and the soliton-interface interactions and might impair the operation of the logic gate. Practically, the losses limit the overall distance each soliton can propagate without losing its effectiveness or, in other words, the losses limit the cascadability of the soliton gates.
The number of gates that can be cascaded (without optical amplification) depends on the losses, the length of each gate, and the minimal soliton amplitude required for the logic operation. The length of logic gate presented here varied between 300 and 500 normalized units (NU), which corresponds approximately to 250-400 m at telecom wavelengths. By simulating the all-optical gates for various soliton amplitudes, we found that the basic structures presented here, even without additional optimization, operate properly if the amplitudes are between 0.8 and 1 (NU). For a reasonable propagation loss of ϳ2 dB/ cm, this range enables us to cascade at least 20 gates.
The loss problem can be partially overcome, for example, by modifying the design of each gate to account for the reduced intensity or by introducing optical gain to the device. Nevertheless, both concepts incorporate inherent limitations. Modifying each gate requires exact tailoring of the material structure for each desired gate combination. Optical gain introduces additional noise into the system and generates jitter in the solitons' positions and velocities, which in turn limits the number of gates that could be cascaded. The analysis of the effect of this jitter is, however, beyond the scope of this paper.
DISCUSSION AND SUMMARY
We studied the incoherent interactions of spatial solitons in a multilayered Kerr medium comprising layers of different Kerr media. We showed that soliton interactions in the vicinity of nonlinear interfaces could be used to achieve all-optical switching and computing. Architecture for reversible AND, OR, NOT, and NOR gates was presented and analyzed. The dynamics of the system can be qualitatively (and in some cases even accurately) described by a particlelike model based on soliton perturbation theory.
The key element was the inhomogeneity of the nonlinear medium (the existence of the interfaces), which enabled permanent momentum transfer between the solitons. Although the different media support different solitons, the difference in the media parameters was designed to be small, and thus the solitons are similar enough to allow low-loss intermedia transmission. The exchange of momentum boosted one of the solitons to change its trajectory with respect to the interface (crossing versus reflection, etc.) and thus to exhibit switching or a logic operation. The interacting solitons maintained their soliton identity and shape after the collision and could therefore be reused for the next stage of soliton gates. The output solitons of the gates presented here are identical to the input solitons; the gates could be easily cascaded to achieve complex operations.
The effect of scattering and absorption losses on the performance and the cascadability of the gates was analyzed. Even without optimization it is possible to cascade at least 20 devices without their performances deteriorating. More devices can be cascaded by introducing optical gain.
Experiments to demonstrate this behavior can be conducted with slab waveguides fabricated in GaAs with below-midgap nonlinearity (or with low-growth temperature GaAs) or with dielectric highly nonlinear media, such as a liquid crystal or nonlinear organic material. For these media we showed that at peak amplitudes of 0.8 V / mm and with a typical nonlinear coefficient n 2 of ϳ10 −9 m 2 / W, using power levels of ϳ2 kW/cm 2 is enough to induce the required phenomena, as can also be seen from Fig. 2 
